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The NOON states are valuable quantum resources, which have a wide range of applications
in quantum communication, quantum metrology, and quantum information processing. Here we
propose a fast, concise and reliable protocol for deterministically generating the NOON states of two
resonators coupled to a single △-type superconducting qutrit. In particular, we derive the effective
Hamiltonians at the multi-photon resonances by virtue of the strong counter-rotating interaction
between the resonator modes and the qutrit. Based on these crucial effective Hamiltonians, our
protocol simplifies the previous ones using the single-photon resonance and consequently reduces
the number of operations for state preparation. To test the robustness of this protocol, we analyze
the effects from both the decoherence including dissipation and dephasing and the crosstalk of
resonator modes on the state fidelity through a Lindblad master equation in the eigenstates of the
full Hamiltonian.
I. INTRODUCTION
Entanglement [1] plays a key role in quantum tech-
nologies, such as quantum communication [2], quantum
computing, and quantum information processing [3]. The
entangled states serve as valuable resources especially for
the quantum communication protocols, including quan-
tum key distribution [4], quantum secret sharing [5], and
quantum secure direct communication [6, 7]. Novel quan-
tum platforms as well as fast protocols for preparing and
measuring the entangled states have therefore been inten-
sively pursued for a long time [8–11], and are still under
active investigation.
Among various entangled states, the NOON states
(|N0〉 + |0N〉)/√2 with N integer consist of two or-
thogonal component states in maximal superposition,
which have been applied in quantum optical lithogra-
phy [12, 13], quantum metrology [14, 15] and quantum
information processing [2, 16]. To populate the Fock
states with more photons in preparing the NOON state,
it is of great helpful to have adjustable atomic level split-
ting to be selectively resonant with the desired process.
Many protocols in the circuit-QED systems have thus
been proposed upon the ability of level-manipulation in
the artificial qubit, qutrit or qudit systems. The setup
for NOON state-preparation in Ref. [17] consists of two
superconducting resonators and a tunable qubit under
classical driving. The operation number in that proto-
col is increased in a nonlinear way in terms of the num-
ber of the photons N . Although in Ref. [18], only a
linear number of operations with respect to N are re-
quired for NOON-state preparation, the circuit on de-
mand consists of more elements (three resonators and two
qutrits) in the experiment [19]. The protocol in Ref. [20]
adopts a setup consisting of one superconducting trans-
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mon qutrit and two resonators, which demands 2N op-
erations to generate a NOON state with N photons. It
has been shortly improved by Ref. [21], which demands
only N + 1 operations while using a four-level supercon-
ducting flux device and two resonators. Recently, an effi-
cient protocol [22] for generating a “double” NOON state
(|NN00〉+ |00NN〉)/√2 was proposed, which consists of
N + 2 operations. However, it employs five resonators
and two superconducting flux qutrits (the latter are ini-
tialized as a Bell state). Therefore, a trade-off has to
be made between the complexity of the devices (as well
as their initial states) and the number of running steps
towards the NOON states.
In this work, we propose a fast protocol for generat-
ing the NOON states of two resonators strongly cou-
pled to a superconducting qutrit. The strong or ultra-
strong coupling opens a door to study the physics of
virtual processes governed by the interaction Hamilto-
nian and leads to many interesting phenomena and ap-
plications [23–32]. With respect to the ratio of coupling
strength and the characteristic frequency in the Rabi
model, g/ω ≃ 0.1 is a rough starting point of the strong-
coupling regime [31]. In the strongly coupled qubit-cavity
systems, Rabi Hamiltonians [33, 34] have been applied in
the protocol [11] to prepare the Bell states and the GHZ
states. Without the counter-rotating terms, it is impossi-
ble to achieve a desired effective Hamiltonian connecting
states with no conservation of the number of photons or
excitons from the full Hamiltonian. Here we extend the
ideas in Ref. [33, 34] to prepare the NOON states in light
of the feasible capabilities of manipulating the artificial
atoms and atom-photon interactions in the circuit-QED
systems.
Around the specific multi-photon resonance points, we
extract the effective Hamiltonians for the interested sys-
tem using the perturbation theory [11, 30, 35]. At such
a point, a selective pair of levels of the △-type qutrit
are multi-photon resonant with the corresponding res-
onator, while the remaining level and resonator do not
2interfere with the preceding resonance as well as the rel-
evant Hilbert subspace. Then our model of the △-type
qutrit coupled to two resonators can be regarded as a
“parallel” Rabi model. The separability of the two sub-
spaces and the valid regime of the effective Hamiltonians
have been verified by the standard numerical diagonal-
ization of the full Hamiltonian. The NOON states can
be deterministically realized in the effective model. Re-
garding the multi-photon resonance based on the strong
or ultrastrong atom-photon interaction and the control-
lability of the atomic frequencies, our proposal can be
implemented in the circuit-QED systems [36–39].
The rest of the work is organized as follows. In
Sec. II, we introduce the full Hamiltonian. We numer-
ically discuss and analytically explain the multi-photon
resonances arising from the counter-rotating interaction
in the strong-coupling regime. The double-photon and
triple-photon resonances are discussed in Sec. II B and
Sec. II C, respectively. The detailed derivation of the ef-
fective Hamiltonians can be found in Appendices A and
B. In Sec. III, we analyze the decoherence effect from
the external environment on the state fidelity by a Lind-
blad master equation written in the eigenbases of the full
Hamiltonian. In Sec. IV, we provide a detailed procedure
for the NOON state preparation with an arbitraryN and
then consider the effect of the inter-resonator coupling on
their fidelities. In Sec. V, we conclude the work with a
brief discussion.
II. DESCRIPTION OF THE MODEL
A. Model Hamiltonian
The model we investigated is a general Rabi model
describing a superconducting △-type qutrit coupled to
two resonators (labelled a and b) in both longitudinal
and transversal directions. The three levels of the △-
type qutrit are labelled by |g〉, |e〉, and |f〉, representing
the ground state, the mediate state and the highest-level
state, respectively. The system Hamiltonian (~ ≡ 1) can
be written as
H = H0 + V,
H0 = ωaa
†a+ ωbb†b+ ωeg|e〉〈e|+ ωfg|f〉〈f |,
V = [gaeg(a
† + a) + gbeg(b + b
†)](σegx cos θ + σ
eg
z sin θ)
+ [gafg(a
† + a) + gbfg(b+ b
†)](σfgx cos θ + σ
fg
z sin θ)
+ [gafe(a
† + a) + gbfe(b+ b
†)](σfex cos θ + σ
fe
z sin θ).
(1)
Here ωa and ωb are the transition frequencies of the
resonators a and b, respectively. ωjk ≡ ωj − ωk with
j, k ∈ {g, e, f} represents the level spacing between |j〉
and |k〉. The ground state energy is set as zero. gnjk with
n ∈ {a, b} and j, k ∈ {g, e, f} is the coupling strength
between the resonator n and the specific pair of levels j
and k. The coupling operators of the qutrit are defined as
σjkx ≡ |j〉〈k|+|k〉〈j| and σjkz ≡ |j〉〈j|−|k〉〈k|, respectively.
The angle θ parameterizes the amount of the longitudinal
and the transversal coupling between the qutrit and the
resonators, which is adjustable and independent from the
choice of the coupling strength gnjk. The arbitrary mix-
ture of the longitudinal and the transversal couplings has
been realized in the circuit-QED experiments [25, 40].
To simplify the discussion but with no loss of general-
ity, we let gneg = g
n
fg = g
n
fe = gn with n = a, b. Thus, the
interaction Hamiltonian V in Eq. (1) can be written as
V = [ga(a
† + a) + gb(b + b†)]
(
σegx cos θ + σ
eg
z sin θ
+ σfgx cos θ + σ
fg
z sin θ + σ
fe
x cos θ + σ
fe
z sin θ
)
.
(2)
The rest part of this work is based on the Hamilto-
nian (2). We would apply the standard perturbation the-
ory to obtain the effective Hamiltonians in charge of the
desired Rabi oscillations, by which we can construct the
NOON states. Also for each effective Hamiltonian, a pair
of effective coupling strength and energy shift, which are
consistent with each other to the leading-order of ga or
gb, can be determined. The energy shifts as well as the
relevant level spacing for the multi-photon resonances are
used in the comparison between the numerical and ana-
lytical results.
B. Two-photon resonance
To show the basic mechanism for our proposal about
the NOON-state generation by the double-photon reso-
nance, we plot in Fig. 1 the avoided level-crossings of
the system as a function of the qutrit frequencies. The
eigenvalues {En} and the eigenstates of the full Hamilto-
nian (1) are obtained by standard numerical diagonaliza-
tion method in a truncated Hilbert space. A sufficiently
large number of energy eigenstates have been used to en-
sure that the treatment here is not significantly affected
by the truncation.
In Fig. 1(a), we see that an avoided level-crossing (dis-
tinguished in the dark circle) occurs between two eigen-
states of the full Hamiltonian when the level spacing
ωeg approaches 2ωa. It demonstrates a two-photon res-
onance, in which two photons of mode-a can be simul-
taneously created by the atomic transition from level |e〉
to level |g〉, i.e., |00e〉 → |20g〉. And inversely, two pho-
tons of mode-a can be simultaneously annihilated by the
atomic transition from |g〉 to |e〉, i.e., |20g〉 → |00e〉. In
fact, when ωeg ≈ 2ωa, |00e〉 and |20g〉 are nearly de-
generate and they become the main component of the
system eigenstates with En ≈ 2ωa. At the avoided-
crossing point (the middle point in the dark circle),
|En〉 ≈ (|00e〉 ± |20g〉)/
√
2. The lower eigenvector ap-
proaches |00e〉 (|20g〉) at the red (blue) far-off-resonant
end and the upper eigenvector does the other way around.
The existence of V in either Eq. (1) or Eq. (2) lifts the
degeneracy of the two eigenstates and renders a strong
Rabi-oscillation between them. This phenomenon can
also be well-explained by the effective Hamiltonian due
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FIG. 1. (Color online) (a) and (c) Energy-levels and avoided
level-crossings for the two-photon resonances, normalized by
ωa and plotted as a function of the transition frequency ωeg
and ωfg, respectively. The avoided level-crossings of the
eigenstates are distinguished in the dark circles. (b) and
(d) Comparison between the numerically calculated normal-
ized effective coupling strengths |geff |/ωa and |g′eff |/ωa (blue
dots) and the corresponding analytical results in Eqs. (4) and
(7) from the second-order perturbation theory (orange solid
line), respectively. Here we fix ωb = 1.7ωa, θ = pi/6. For
(a) and (b), ωfg = 2ωb and gb = 0.05ωa; for (c) and (d),
ωeg = 2ωa and ga = 0.05ωa.
to the second-order process involving both the longitu-
dinal and transversal couplings in Eq. (1), provided that
ga, gb ≪ ωa, ωb, |ωb−ωa|. The detailed derivation can be
found in Appendix A. The effective Hamiltonian is found
to be
Heff = geff (|00e〉〈20g|+ |20g〉〈00e|) . (3)
Here the coupling strength
geff = −
√
2g2a
[
sin(2θ)
ωa
+
cos2 θ
ωfg − ωa
]
(4)
is in the same order as the distinction δ of the avoided
level-crossing point from 2ωa. At this point, ωeg = 2ωa+
δ, where δ is
δ = −g2a cos2 θ
(
4
ωa
+
1
ωfg − ωa +
3
ωfg + ωa
)
− g2b cos2 θ
(
1
2ωa + ωb
+
1
ωfg + ωb
+
1
2ωa − ωb
+
1
2ωa − ωb − ωfg
)
− 4g
2
a sin
2 θ
ωa
− 4g
2
b sin
2 θ
ωb
.
(5)
The energy-splitting of the two eigenstates at the avoided
level-crossing point is 2|geff |, which can be evaluated by
the numerical simulation over the whole Hilbert space.
The comparison of |geff | between the analytical (4) and
numerical (1) results are shown in Fig. 1(b) as a function
of normalized coupling strength ga/ωa. The orange solid
line is the analytical result from the effective Hamilto-
nian (4) and the blue dots are the results from the nu-
merical diagonalization of the full Hamiltonian (1). One
can see that the effective Hamiltonian yields perfect re-
sults for normalized interaction strengths ga/ωa ≤ 0.095.
For an even larger ga, higher-orders contribution needs to
capture all the effects from the interaction Hamiltonian
modifying the eigenstates of the bare system.
Figures 1(c) and 1(d) demonstrate the avoided level-
crossing at the double-photon resonance occurring in
the subspace spanned by {|00f〉, |02g〉} (two hybridized
states by the atomic levels |f〉, |g〉 and mode-b) when the
level spacing ωfg approaches 2ωb. Here we choose ωb =
1.7ωa to avoid the unnecessary mixture of the demand-
ing near-degenerate eigenstates or subspaces. Followed
by a similar perturbative derivation (see Appendix A),
the effective Hamiltonian is found to be
H ′eff = g
′
eff (|00f〉〈02g|+ |02g〉〈00f |), (6)
where
g′eff = −
√
2g2b
[
2 sin(2θ)
ωb
+
cos2 θ
ωeg − ωb
]
. (7)
To the second order of gb, the energy shift is evaluated
by
∆ = ωfg − 2ωb
= −g2b cos2 θ
(
4
ωb
+
1
ωeg − ωb +
3
ωeg + ωb
)
− g2a cos2 θ
(
1
ωeg + ωa
+
1
2ωb + ωa
+
1
2ωb − ωa
+
1
2ωb − ωa − ωeg
)
.
(8)
Here the normalized effective coupling strength for the
double-photon resonance is demonstrated in Fig. 1(d).
Similar to Fig. 1(b), one can also roughly estimate the
valid range of the second-order perturbative Hamiltonian
through the comparison between the analytical result by
Eq. (7) and the numerical evaluation by the Hamilto-
nian (1). The two results match with each other for nor-
malized atom-photon interaction strength gb/ωa ≤ 0.065,
the upper bound of which is still of a strong-coupling
regime, and depends on the choice of the other parame-
ters, such as ga, ωb, and ωeg.
The two effective Hamiltonians (3) and (6) are inde-
pendent with each other and can be simultaneously con-
structed provided ωeg = 2ωa + δ and ωfg = 2ωb + ∆.
When the whole system is initialled at the |00e〉, i.e., the
two resonators are in the vacuum state and the qutrit
is at |e〉, a completed Rabi oscillation between |00e〉 and
|20g〉 can then be accurately realized with a period TR =
π/|geff |. Similarly, when the whole system is initialled
as |00f〉, a completed Rabi oscillation between |00f〉 and
|02g〉 can also be observed with a period T ′R = π/|g′eff |.
Thus if the system is initialled as the symmetrical su-
perposed state (|00e〉 + |00f〉)/√2 and TR = T ′R, it will
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FIG. 2. (Color online) Three groups of Rabi oscillations in
one period. (1) The blue dashed line and the blue dashed line
with dots represent the populations of state |20g〉 and |00e〉,
respectively (the initial state is |00e〉). (2) The orange dash-
dotted line and the orange dashed line with dots represent the
state |02g〉 and |00f〉, respectively (the initial state is |00f〉).
(3) The dark solid line and the dark solid line with dots rep-
resent the state (|20g〉 + |02g〉)/√2 and (|00e〉 + |00f〉)/√2,
respectively (the initial state is (|00e〉+ |00f〉)/√2). The pa-
rameters are chosen as ωb = 1.7ωa, ga = 0.05ωa and θ =
pi
6
.
The vertical grey dashed line represents the analytical result.
evolve into (|20g〉 + |02g〉)/√2 = (|20〉 + |02〉)/√2 ⊗ |g〉
at t = TR/2. For the resonator modes, they are now
prepared as the two-photon NOON state. In Fig. 2, we
plot all these Rabi oscillations in one period under the
constrain TR = T
′
R. With the parameters we chosen, it
is found that ωaTR = π/|geff | ≈ 754 by Eq. (4), which
is confirmed by the numerical simulation.
It is noteworthy to point that if TR 6= T ′R, we can firstly
let the initial state to experience a half Rabi-oscillation
driven by Eq. (3); then use a microwave π/2 pulse to re-
alize |e〉 → |g〉; and finally control the system to undergo
a half Rabi-oscillation driven by Eq. (6). In the end, the
NOON state (|20〉+ |02〉)/√2 emerges, consuming more
time and resource than that in case of TR = T
′
R. The or-
der of these two half-Rabi-oscillations can be exchanged
if the π/2 pulse is performed between |f〉 and |g〉.
With the effective Hamiltonians (3) and (6), one
can generate a double-photon NOON state from the
vacuum state of modes a and b. This protocol can
be straightforwardly extended to generate a (n + 2)-
photon NOON state when the system is in the state
(|n0e〉 + |0nf〉)/√2. In the subspace spanned by
{|n0e〉, |(n+2)0g〉}, one can construct an effective Hamil-
tonianHeff = geff (n)[|n0e〉〈(n+2)0g|+|(n+2)0g〉〈n0e|]
through a derivation similar to Appendix A. Here the ef-
fective coupling strength is n-dependent:
geff (n) =
√
(n+ 1)(n+ 2)
2
geff , (9)
where geff is found in Eq. (4) and the energy shift is also
n-dependent:
δn = δ − ng2a cos2 θ
(
8
3ωa
+
1
ωfg + ωa
− 1
ωfg − 3ωa
)
.
(10)
While in the subspace spanned by {|0nf〉, |0(n + 2)g〉},
one can find
g′eff (n) =
√
(n+ 1)(n+ 2)
2
g′eff , (11)
and
∆n = ∆− ng2b cos2 θ
(
8
3ωb
+
1
ωeg + ωb
− 1
ωeg − 3ωb
)
.
(12)
Note δ in Eq. (10) and ∆ in Eq. (12) represent the en-
ergy shifts in Eqs. (5) and (8), respectively. Roughly, the
magnitude of the effective coupling strength scales lin-
early with the initial photon number of the resonators,
which accordingly reduces the time for state-preparation.
C. Three-photon resonance
In this subsection, we provide a protocol to achieve
the three-photon resonances, which is based on Eq. (2)
with θ = 0. The Hamiltonian with a nonvanishing θ is
of course available for the same target. Nevertheless the
relevant protocol raises more treatments in mathematics
yet no extra physics. Now the full Hamiltonian can be
written as
H = H0 + V,
H0 = ωeg|e〉〈e|+ ωfg|f〉〈f |+ ωaa†a+ ωbb†b,
V = [ga(a
† + a) + gb(b+ b†)](σegx + σ
fg
x + σ
fe
x ).
(13)
Analog to Sec. II B, here in Fig. 3(a) and Fig. 3(c), we
describe two avoided level-crossings required for three-
photon resonances in the respective subspaces. In
Fig. 3(b) and Fig. 3(d), we justified the corresponding
effective Hamiltonians by comparing the effective cou-
pling strengthes based on analytical derivation to those
obtained from the numerical results at the avoided level-
crossing points. Particularly, Fig. 3(a) demonstrates
the avoided level-crossing (distinguished in dark circle)
when ωeg approaches 3ωa in the subspace spanned by
{|00e〉, |30g〉}. Through a straightforward derivation in
Appendix B, the effective Hamiltonian is found to be
Heffs = geffs (|00e〉〈30g|+ |30g〉〈00e|) , (14)
where
geffs = −
√
6g3a
2ωa
(
1
2ωa
− 1
ωfg − 2ωa +
1
ωfg − ωa
)
.
(15)
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FIG. 3. (Color online) (a) and (c) Energy-levels and avoided
level-crossings for the three-photon resonances, normalized by
ωa and plotted as a function of the transition frequency ωeg
and ωfg, respectively. (b) and (d) Comparison between the
numerically calculated normalized effective coupling strengths
|geffs|/ωa and |g′effs|/ωa (blue points) and the correspond-
ing analytical results (15) and (18) (orange solid line), respec-
tively. Here we fix ωb = 2.2ωa. For (a) and (b), ωfg = 3ωb
and gb = 0.1ωa; for (c) and (d), ωeg = 3ωa and ga = 0.1ωa.
The leading-order correction of ωeg to 3ωa can be ob-
tained as
δs = ωeg − 3ωa
= −g2a
(
3
ωa
+
3
ωfg − ωa +
4
ωfg + ωa
+
1
2ωa − ωfg
)
− g2b
(
1
3ωa + ωb
+
1
ωb + ωfg
+
1
3ωa − ωb
+
1
3ωa − ωb − ωfg
)
.
(16)
In Fig 3(b), one can observe that the analytical result of
the effective energy splitting (15) remains perfect for the
normalized interaction strengths ga/ωa ≤ 0.14 in com-
parison with the numerical result obtained from Eq. (13).
Figure 3(c) demonstrates the avoided level-crossing oc-
curring in the subspace spanned by {|00f〉, |03g〉} when
the level spacing ωfg approaches 3ωb. Followed by a sim-
ilar perturbative derivation as the preceding case (see
Appendix B), the effective Hamiltonian is found to be
H ′effs = g
′
effs (|00f〉〈03g|+ |03g〉〈00f |) , (17)
where the effective coupling strength
g′effs = −
√
6g3b
2ωb
(
1
2ωb
− 1
ωeg − 2ωb +
1
ωeg − ωb
)
. (18)
The leading-order correction of the avoided level-crossing
point, i.e., ∆s = ωfg − 3ωb, can be obtained as
∆s = −g2a
(
1
3ωb + ωa
+
1
ωa + ωeg
+
1
3ωb − ωa − ωeg
+
1
3ωb − ωa
)
− g2b
(
1
2ωb − ωeg +
3
ωb
+
3
ωeg − ωb
+
4
ωeg + ωb
)
.
(19)
And then we present both the analytical result in
Eq. (18) and the numerical result with full Hamiltonian
in Fig. 3(d) to verify the regime in which they can match
with each other. It is found that when gb/ωa ≤ 0.13, the
third-order perturbation remains as a good approxima-
tion. Although the upper bound of the coupling strength
depends on the choice of parameters, it enters the strong-
coupling regime.
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FIG. 4. (Color online) Three groups of Rabi oscillations. (1)
The blue dashed line and the blue dashed line with dots rep-
resent the state |30g〉 and |00e〉, respectively (the initial state
is |00e〉). (2) The orange dash-dotted line and the orange
dashed line with dots represent the state |03g〉 and |00f〉,
respectively (the initial state is |00f〉). (3) The dark solid
line and the dark solid line with dots represent the state
(|30g〉+ |03g〉)/√2 and (|00e〉 + |00f〉)/√2, respectively (the
initial state is (|00e〉 + |00f〉)/√2). Here ωb = 2.2ωa and
ga = 0.1ωa.
As long as the energy levels of the artificial atom are
adjusted to meet both ωeg = 3ωa+δs and ωfg = 3ωb+∆s,
the two effective Hamiltonians (14) and (17) can then
be simultaneously constructed. Consequently, when the
whole system is initialled as an arbitrary superposed
state over |00e〉 and |00f〉 and |geffs| = |g′effs|, a com-
pleted Rabi oscillation occuring between the initial state
and the corresponding superposed state over |30g〉 and
|03g〉 with period TR = π/|geffs|. Thus if the system is
initialled as (|00e〉+ |00f〉)/√2, it will completely trans-
form to (|30g〉+ |03g〉)/√2 = (|30〉+ |03〉)/√2⊗|g〉 at t =
TR/2. At this moment, the cavity modes are prepared
as the three-photon NOON state. In Fig. 4, we plot the
relevant Rabi oscillations in one period under certain pa-
rameters by exact numerical evaluations. With the cho-
sen parameters, it is found that ωaTR = π/|geffs| ≈ 5562
6by Eq. (15), which is confirmed by numerical simulation
(see the vertical dashed grey line).
III. FIDELITY ANALYSIS
As shown in Figs. 2 and 4, the initial state |00〉⊗(|e〉+
|f〉)/√2 can be transformed to (|20〉 + |02〉)/√2 ⊗ |g〉
and (|30〉+ |03〉)/√2⊗|g〉 at the respective multi-photon
resonances, by undergoing a half Rabi oscillation. The
states of the two modes are then the target NOON states
with N = 2 or N = 3. Yet the whole system cannot be
isolated from the surrounding environment. The target
NOON state will be damaged by the influence from cav-
ity mode damping and atomic decay and dephasing. In
this section, the fidelity of the prepared state is studied
based on the master equation approach. By applying the
standard Markovian approximation and tracing out the
degrees of freedom of external environment (assumed to
be at the vacuum state), we arrive at the master equa-
tion [33, 41, 42] for the density-matrix operator ρ(t) of
the whole system consisting of the two resonators and
the artificial three-level atom,
ρ˙(t) = −i[Hdiag, ρ(t)] + κaL[Xa]ρ(t) + κbL[Xb]ρ(t)
+ γegL[Seg]ρ(t) + γfgL[Sfg]ρ(t) + γfeL[Sfe]ρ(t)
+ γeL[Se]ρ(t) + γfL[Sf ]ρ(t).
(20)
Here Hdiag indicates that the full Hamiltonian H is now
expressed by its eigenvectors |En〉’s. κa (κb) is the de-
cay constant of the resonator mode a (b). γeg, γfg, and
γfe are respectively the energy relaxation constants as-
sociated with the transitions |e〉 → |g〉, |f〉 → |g〉 and
|f〉 → |e〉. γe (γf ) is the dephasing constant of the level
|e〉 (|f〉). The superoperator L is defined as
L[O]ρ = 1
2
(2OρO† −O†Oρ− ρO†). (21)
Here O = Xa, Xb, Seg, Sfg, Sfe, Se, Sf are the dressed
lowering operators, defined respectively in terms of their
bare counterparts o = a, b, σ−eg, σ
−
fg, σ
−
fe, |e〉〈e|, |f〉〈f | as
O ≡
∑
En>Em
〈Em|(o+ o†)|En〉|Em〉〈En|. (22)
To simplify the discussion but with no loss of generality,
we let κa = κb = γfg = γfe = γeg = γe = γf = γ.
The robustness of our protocols for generating |φ〉 =
(|N0〉+ |0N〉)/√2 upon the multi-photon resonance can
be measured by the state-fidelity F =
√
〈φ|ρ(t)|φ〉. Here
ρ(t) is numerically obtained by the master equation (20),
whose parameters (the accurate value of level-spacings
and evolution time) are determined in the derivation of
the effective Hamiltonian.
In Fig. 5, we plot the fidelity under different decoher-
ence rates γ. One can observe from Fig. 5(a) that the pro-
tocol of the double-photon resonance works rather well
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FIG. 5. (Color online) (a) and (b) Fidelities of the NOON
state (|20〉 + |02〉)/√2 and (|30〉 + |03〉)/√2 prepared by our
protocol given various decoherence rates, respectively. The
parameters of (a) are set the same as those in Fig. 2 and
TR = pi/|geff | is evaluated by Eq. (4); the parameters of (b)
are set the same as those in Fig. 4 and TR = pi/|geffs| is
evaluated by Eq. (15).
for γ/ωa ≤ 10−5 (Note in recent experiments [43–46],
the relative magnitude of the decoherence rates is about
10−6 ∼ 10−5), producing the desired NOON state with
a fidelity of 96%, close to 97% in the case with no deco-
herence. The fidelity F maintains above 80% even when
γ is enhanced to 10−4ωa. While for a larger decoherence
rate γ/ωa ≤ 10−3, the fidelity will drop below 50%. It
is consistent with the fact that now γ becomes compara-
ble with the effective coupling strength of Eq. (4). Note
|geff |/ωa ≈ 4× 10−3.
The fidelities for the protocol of the triple-photon res-
onance are shown in Fig. 5(b). It is clear that the pro-
tocol works well as long as γ/ωa ≤ 10−6, producing the
desired NOON state |φ〉 = (|30〉 + |03〉)/√2 with a fi-
delity over 95%. The fidelity F decreases to 82% when
γ/ωa = 10
−5. And it is below 50% when γ/ωa = 10−4,
which is the same order as the effective coupling strength
|geffs|/ωa ≈ 6× 10−4. It is also consistent with the fact
that the effective coupling strength for the triple-photon
process is one order weaker than that for the double-
photon process.
7IV. PREPARING NOON STATES WITH
MULTIPLE PHOTONS
Suppose that the qutrit is initially in the state |ψ〉 =
1√
2
(|e〉 + |f〉) and the two resonators are initially in the
vacuum state |00〉. As shown in Fig. 6, the procedure
for generating the NOON states of the two resonators
can be mainly divided into two parts: in part A (B), the
subspace {|e〉, |g〉} ({|f〉, |g〉}) and the resonator mode a
(b) are operated by (N − 1) steps to populate the |2(N −
1)〉 Fock state of the mode a (b). Throughout the part
A (B), the irrelevant mode b (a) is decoupled from the
rest part of the whole system by tuning its frequency to
the far-off-resonant regime. In the end, an operation by
virtue of the effective dynamics involving both modes is
performed to complete the whole protocol.
FIG. 6. (Color online) (a) and (c): Resonator a (b) is tuned
to be multi-photon resonant with the |e〉 ↔ |g〉 (|f〉 ↔ |g〉)
transition and far-off multi-photon resonant with the |f〉 ↔
|g〉 (|e〉 ↔ |g〉) transition. Then the photon number of the
mode is added while the qutrit is transformed to the ground
state. (b) and (d): A driving pulse that is resonant with the
|e〉 ↔ |g〉 (|f〉 ↔ |g〉) transition excites the qutrit back to the
state |e〉 (|f〉).
For the target NOON state with 2N photons (N ≥ 1),
part-A is divided into N − 1 steps as following.
Step-A1: Let mode-a and the qutrit resonate with the
transition |00e〉 ↔ |20g〉, i.e., ωeg = 2ωa + δ, where δ is
given by Eq. (5). Then as shown in Fig. 6(a), the compo-
nent |00e〉 in the initial state will become |20g〉 through
the Rabi oscillation under the effective Hamiltonian (3)
after an evolution time t1 = π/|2geff |. Hence, the ini-
tial state Ψ(0) = 1√
2
(|00e〉+ |00f〉) of the whole system
becomes
Ψ(t1) =
1√
2
(−i|20g〉+ |00f〉). (23)
Then as shown in Fig. 6(b), a microwave pulse
of {ωeg,−π/2, π/(2Ωeg)} is applied to transform the
state (23) to
Ψ(t1 + τ) =
1√
2
(−i|20e〉+ |00f〉), (24)
where ωeg is the pulse frequency, −π/2 is a time-
independent phase and τ ≡ π/(2Ωeg) is the duration time
of the pulse [20]. Here and below, we assume that Rabi
frequency Ωeg ≫ |geff (n)| (Note geff (0) = geff ), so that
ideally the system evolution due to the qutrit-mode-a in-
teraction is negligible during τ .
Step-Aj , (j = 2, 3, · · · , N − 1): The level spacing
ωeg is tuned to be resonant with the transition |(2j −
2)0e〉 ↔ |(2j)0g〉, i.e., ωeg = 2ωa + δ2j−2 according to
Eq. (10). Through a similar Rabi oscillation as in step-
A1, |(2j − 2)0e〉 is transformed to −i|(2j)0g〉 after tj =
π/|2geff(2j−2)|, where the effective coupling strength is
given by Eq. (9). |(2j)0g〉 is then further transformed to
|(2j)0e〉 by a microwave pulse of {ωeg,−π/2, π/(2Ωeg)}
pumping the state |g〉 back to |e〉. Thus after these op-
erations, the state (24) becomes
Ψ(TA) =
1√
2
[
(−i)N−1|(2N − 2)0e〉+ |00f〉] , (25)
where TA =
∑N−1
j=1 tj +(N − 1)τ . At this moment, part-
A is completed. Then we focus on the |00f〉 → |02g〉
transition involving mode-b as shown in Fig. 6(c).
Step-B1: Similar to step-A1, the effective Hamilto-
nian (6) is used to realize a half Rabi transition from
|00f〉 to |02g〉. After the interaction time t′1 = π/|2g′eff |,
where g′eff is given by Eq. (7), the state (25) becomes
Ψ(TA+t
′
1) =
1√
2
[
(−i)N−1|(2N − 2)0e〉 − i|02g〉] . (26)
Then as shown in Fig. 6(d), a microwave pulse of
{ωfg,−π/2, τ ′ ≡ π/(2Ωfg)} pumping |g〉 to |f〉, trans-
forms the state (26) to
Ψ(TA + t
′
1 + τ
′) =
1√
2
[
(−i)N−1|(2N − 2)0e〉 − i|02f〉] .
(27)
Here and below, we assume Ωfg ≫ |g′eff (n)| so that the
interaction between the qutrit and mode-b is negligible
in the pulse duration time.
Step-Bk, (k = 2, 3, ..., N − 1): Tune the level dif-
ference ωfg to be resonant with the transition |0(2k −
2)f〉 ↔ |0(2k)g〉, namely, ωfg = 2ωb + ∆2k−2 ac-
cording to Eq. (12). The system undergoes a similar
Rabi oscillation as in step-B1 with a evolution time
set as t′k = π/|2g′eff(2k − 2)| due to Eq. (11), af-
ter which the basis |0(2k − 2)f〉 moves to −i|0(2k)g〉.
It then moves to −i|0(2k)f〉 by a microwave pulse of
{ωfg,−π/2, π/(2Ωfg)} pumping |g〉 to |f〉. Thus after
these steps, the state (27) becomes
ψ(TA + TB) =
1√
2
[
(−i)N−1|(2N − 2)0e〉
+ (−i)N−1|0(2N − 2)f〉], (28)
where TB =
∑N−1
k=1 t
′
k+(N−1)τ ′. At this moment, part-
B is completed. The order of part-A and part-B can be
mutually exchanged.
8The final step is started by simultaneously tuning
the level splittings ωeg and ωfg to be resonant with
|(2N − 2)0e〉 ↔ |(2N)0g〉 and |0(2N − 2)f〉 ↔ |0(2N)g〉,
respectively. Namely, ωeg = 2ωa + δ2N−2 and ωfg =
2ωb + ∆2N−2, and now two effective Rabi oscillations
are simultaneously switched on. Under the coupling
strength geff = g
′
eff and the operation time tN =
π/|2geff(2N − 2)|, the state (28) eventually becomes
Ψ(T ) =
1√
2
[
(−i)N |(2N)0g〉+ (−i)N |0(2N)g〉]
=
(−i)N√
2
[|(2N)0〉+ |0(2N)〉]⊗ |g〉.
(29)
The total time for completing our protocol using two-
photon resonance is found to be
T = TA + TB + tN
=
N−1∑
j=1
π
|geff (2j − 2)| + (N − 1)
(
π
2Ωfg
+
π
2Ωeg
)
+
π
2|geff (2N − 2)| .
(30)
Here the time for all the frequency adjustments has been
omitted. When N = 1, the whole procedure of prepara-
tion is reduced to the final step, which is exactly the same
as illustrated in Sec. (II B). Note δ0 = δ and ∆0 = ∆.
The NOON state (29) can be also constructed when
geff 6= g′eff . In this case, we first arrive at |Ψ(TA)〉 (25).
Then we perform an extra Step-AN , whose definition is
analog to Step-Aj (j < N), so that |Ψ(TA)〉 evolves to
Ψ(T˜A) =
1√
2
[
(−i)N |(2N)0e〉+ |00f〉] , (31)
where T˜A =
∑N
j=1 tj +Nτ . Then we continue the oper-
ations in part-B. After that, the state (31) becomes
Ψ(T˜A + TB) =
(−i)N−1√
2
[−i|(2N)0e〉+ |0(2N − 2)f〉] .
(32)
Next a pulse of {ωeg, π/2, π/(2Ωeg)} is used to realize
|e〉 → |g〉. Finally, the level spacing ωfg is tuned to
be resonant with |0(2N − 2)f〉 ↔ |0(2N)g〉. After an
evolution time tN = π/|2g′eff(2N − 2)|, we obtain
Ψ(T ) =
(−i)N√
2
[|(2N)0〉+ |0(2N)〉]⊗ |g〉. (33)
The time of the whole procedure in total becomes
T =
N∑
j=1
[
π
2|geff(2j − 2)| +
π
2|g′eff(2j − 2)|
]
+
Nπ
2Ωfg
+
(N − 1)π
2Ωeg
.
(34)
To prepare the NOON states with 2N−1 (odd number,
N ≥ 1) photons, one needs to revise merely the final step
after the system arrives at the state in Eq. (28). At that
moment, we set ωeg = ωa, ωfg = ωb and ga = gb. Then
two mutually-independent Rabi oscillations can simulta-
neously occur in their respective subspaces by virtue of
the first-order/single-photon process determined by the
interaction Hamiltonian (2). In particular, after the evo-
lution time tN = π/[2
√
2N − 1ga cos θ], the state (28)
becomes
Ψ(T ) =
(−i)N√
2
[|(2N − 1)0〉+ |0(2N − 1)〉]⊗ |g〉, (35)
where
T = TA + TB + tN
=
N−1∑
j=1
[
π
2|geff (2j − 2)| +
π
2|g′eff (2j − 2)|
]
+ (N − 1)
×
(
π
2Ωfg
+
π
2Ωeg
)
+
π
2
√
2N − 1ga cos θ
.
(36)
The results (29) and (35) show that the two resonators
a and b are eventually prepared in a NOON state.
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FIG. 7. (Color online) The fidelity of the NOON state (|0N〉+
|N0〉)/√2 under different inter-cavity coupling strengths gab.
When gab = 0.1ga, the fidelities are 96.7% (N = 2), 88.4%
(N = 4), 80.1% (N = 6) for an even N ; and 85.3% (N = 3),
73.5% (N = 5) for an odd N , respectively.
During the state preparation, the whole system is not
only subject to the external decoherence channels for
each constituent described by the master equation (20),
but also under the influence of intrinsic disturbance, such
as the crosstalk between the two resonators a and b [47].
Namely, the interaction Hamiltonian V in Eq. (2) can be
generalized to
V˜ = V + gab(a+ a
†)(b+ b†), (37)
where gab is the inter-cavity coupling strength. And the
full Hamiltonian in Eq. (20) is modified accordingly.
In a typical system consisting of a flux qutrit and two
resonators [43–46, 48], the transition frequencies among
9N 2 3 4 5 6
F (δn,∆n) 92.2% 82.7% 81.6% 70.8% 70.0%
F (δ˜n, ∆˜n) 96.5% 84.2% 86.6% 72.8% 75.7%
TABLE I. The fidelities of the NOON state (|0N〉+ |N0〉)/√2
under gab = 0.5ga using the energy shifts δn and ∆n in
Eqs. (10) and (12), respectively or the modified δ˜n and ∆˜n in
Eq. (38).
the three levels of the qutrit can be manipulated within
the range ∼ [1, 20] GHz. In the numerical evaluation
of the fidelity under both decoherence and crosstalk, the
frequencies of the resonators a and b are set as ωa/(2π) ∼
4GHz and ωb/(2π) ∼ 6.8GHz, respectively. The decay
rates are set as γ−1e = 5µs, γ
−1
f = 5µs, γ
−1
eg = 10µs,
γ−1fg = 20µs, γ
−1
fe = 5µs, and κ
−1
a = κ
−1
b = 20µs. The
Rabi frequencies of the microwave pulses are set as Ωeg =
Ωfg = 300MHz. The effect of the inter-cavity coupling
on the NOON-state fidelity is demonstrated in Fig. 7 for
different N .
We fix the coupling strength of resonator a and the
qutrit to be ga/(2π) = 120MHz, which is about 0.03ωa
according to the previous setting. Note this value is both
feasible in experiments and valid for the obtained effec-
tive Hamiltonian as shown in Fig. 1. Due to the fact that
the preparation protocol is parity-dependent, so that for
an even N , gb is found to be ∼ 69.4MHz to fulfill the con-
dition geff = g
′
eff and for an odd N , gb = ga = 120MHz.
As expected, the fidelities in Fig. 7 decline with the
increasing N for either group of parity, i.e., F (N = 2) >
F (N = 4) > F (N = 6) and F (N = 3) > F (N = 5). It
turns out that the effect of the crosstalk of cavities could
be negligible as long as gab ≤ 0.1ga (it is feasible in ex-
periments [49]), by which a high fidelity ≥ 73% can be
still obtained for N ≤ 5. When N = 6, it is interesting
to find that F (gab = 0.1ga) > F (gab = 0) > F (gab =
0.05ga) > F (gab = 0.5ga), which indicates the deficiency
of the preceding effective Hamiltonian. To accommodate
a larger N and a stronger inter-cavity coupling, we could
revisit the perturbative treatment in Appendix A using
the updated full Hamiltonian with the interaction Hamil-
tonian (37). It gives rises to the effective Hamiltonians
in the same formation as in Eqs. (3) and (6), but with
modified energy shifts:
δ˜n = δn + 2g
2
ab
(
1
ωa − ωb −
1
ωa + ωb
)
,
∆˜n = ∆n + 2g
2
ab
(
1
ωb − ωa −
1
ωa + ωb
)
,
(38)
which have taken account the effect of inter-cavity
crosstalk into the double-photon resonant points of ωeg
and ωfg, respectively. As demonstrated in Table I, the
application of the modified δ˜n and ∆˜n can really improve
the fidelities with different N even under gab = 0.5ga.
V. DISCUSSION AND CONCLUSION
The effective Hamiltonians obtained in Sec. II re-
spectively in charge of the two-photon resonance (see
Sec. II B) and the three-photon resonance (see Sec. II C)
capture the effects from the relevant transitions in the
whole Hilbert space and have been justified by the nu-
merical evaluation. The energy shifts in the leading order
δ, ∆, δs and ∆s respectively presented in Eqs. (5), (8),
(16) and (19) determine the points for the intrinsic multi-
photon resonances. Subsequently the effective coupling
strengthes geff , g
′
eff , geffs and g
′
effs respectively pre-
sented in Eqs. (4), (7), (15) and (18) are used to evaluate
the period of the desired Rabi oscillations.
More than the protocols for constructing the NOON
states with N = 2 and N = 3, the effective Hamiltonians
are the basic elements in generating the NOON states
with more photons in Sec. IV. Comparing to the previous
protocol [20] to the NOON state with the same number of
photons, ours in Sec. IV reduces the number of operations
to about a half. The state fidelity under preparation has
been estimated by a Lindblad master equation in the
eigenbases of the original Hamiltonian of Sec. III.
The protocol we proposed is essentially based on two
independent and parallel Rabi oscillations in the △-type
qutrit, which can adapt to the other types of three-
level systems, such as the V -type and the ladder-type
qutrit [20], via a properly modified interaction Hamilto-
nian V . For example, the interaction Hamiltonian for the
V -type three-level system has no terms containing σfex,z.
While a more complex △-type qutrit model established
in the circuit-QED system is a compromise with respect
to the practical realization by the state-of-art quantum
technology. The first reason for this choice is that the
excited states of the atomic system are able to be ad-
justed on demand, which greatly reduces the possibility
of choosing the natural atoms. The second one is that to
realize the target NOON state as fast as possible (other-
wise the accumulated decoherence effect will destroy the
target state), the coupling strength between the atomic
system and the resonators should be of the strong regime.
The circuit-QED system satisfies these two conditions;
and in many situations the three-level system of the su-
perconduting circuit is of a △-type qutrit.
In conclusion, we have presented a concise protocol for
the deterministic preparation of the NOON states. We do
this in a setup consisting of two resonator modes strongly
coupled to a single△-type superconducting qutrit within
the framework of a general Rabi model. The protocol
relies on the effective Hamiltonians at the avoided level-
crossing points, which reserves the effects of the counter-
rotating terms and the leading-order contributions of the
state transitions. By properly using the effective Hamil-
tonian, the population at the excited states of the qutrit
pumped by the microwave driving pulses can be trans-
ferred to multiple photons in the corresponding resonator
modes. Moreover, our protocol is found to be robust
against the external decoherence with a typical magni-
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tude of decay rate and the internal crosstalk of the res-
onators. Hence, our study is of interested in pursuit of
the entangled state with the counter-rotating interaction
and of important to control the quantum state in the
circuit-QED system with fewer steps and fewer devices.
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Appendix A: The effective Hamiltonian for the
two-photon resonances
To extract the effective Hamiltonian (3) in the
subspace spanned by {|00e〉 ≡ |0〉a|0〉b|e〉, |20g〉 ≡
|2〉a|0〉b|g〉} from the full Hamiltonian (1) for the two-
photon resonance shown in Fig. 1(a), one can apply the
standard perturbation theory with respect to the atom-
photon coupling strengths ga and gb. In Fig. 8, all the
second-order processes involving with these two bases will
be considered in the following construction of the effec-
tive Hamiltonian.
FIG. 8. (Color online) All the second-order (leading-order)
paths involving the bases |00e〉 and |20g〉. Blue solid (dashed)
lines mark the transitions mediated by σx (σz) relative to
the resonator a. Red dotted (long-dashed) lines mark the
transitions mediated by σx (σz) relative to the resonator b.
The interaction Hamiltonian V in Eq. (2) can be
regarded as a perturbation provided that ga, gb ≪
ωa, ωb, |ωb − ωa|. To the second order, the effective cou-
pling strength or energy shift between any eigenstates |i〉
and |j〉 of the unperturbed Hamiltonian H0 in Eq. (1) is
given by [11, 34]
g =
∑
n6=i,j
VjnVni
ωi − ωn (A1)
where Vnm ≡ 〈n|V |m〉 and ωn is the eigenenergy of |n〉.
We write the avoid level-crossing point ωeg = 2ωa + δ,
where δ is an undetermined energy shift consistent with
the second-order effective Hamiltonian. It is worthy to
emphasis this shift should not be omitted as in some lit-
eratures, since it is in the same order of the effective
coupling strength. We first consider the contribution to
the effective coupling strength from the two paths con-
necting |00e〉 and |20g〉, i.e., |00e〉 → |10f〉 → |20g〉 and
|00e〉 → |10g〉 → |20g〉 as shown in Fig. 8. By virtue of
Eq. (A1), one can get
geff = −
√
2g2a
[
sin(2θ)
ωa + δ
+
cos2 θ
ωfg − ωa − δ
]
= −
√
2g2a
[
sin(2θ)
ωa
+
cos2 θ
ωfg − ωa
]
+O(δ),
(A2)
where O(δ) means all the other orders of δ from the ze-
roth order (the first term of the second line) in terms of
Taylor expansion. The other paths in Fig. 8 (For exam-
ple, |00e〉 → |01f〉 → |00e〉) are in charge of the energy
shifts for |00e〉 or |20g〉.
Summarizing all the four paths from |00e〉 and back
to |00e〉 through a mediate state, i.e., |00e〉 → |10g〉 →
|00e〉, |00e〉 → |10f〉 → |00e〉, |00e〉 → |01g〉 → |00e〉, and
|00e〉 → |01f〉 → |00e〉, one can obtain the second-order
energy correction (shift) ǫ1 for the state |00e〉 according
to Eq. (A1)
ǫ1 = g
2
a cos
2 θ
(
1
ωa
− 1
ωfg − ωa
)
+ g2b cos
2 θ
(
1
2ωa − ωb −
1
ωfg + ωb − 2ωa
)
+O(δ).
(A3)
And in the same way, the energy shift ǫ2 for the state
|20g〉 is found to be
ǫ2 = −g2a cos2 θ
(
3
ωa
+
2
ωfg − ωa +
3
ωfg + ωa
)
− g2b cos2 θ
(
1
2ωa + ωb
+
1
ωfg + ωb
)
− 4g
2
a sin
2 θ
ωa
− 4g
2
b sin
2 θ
ωb
+O(δ).
(A4)
The collection of the results in Eqs. (A2), (A3), and
(A4) gives rise to the second-order effective Hamiltonian:
Heff = (ωeg + ǫ1)|00e〉〈00e|+ (2ωa + ǫ2)|20g〉〈20g|
+ geff (|00e〉〈20g|+ |20g〉〈00e|).
(A5)
An exact double-resonance facilitated by Eq. (A5) allows
a completed Rabi oscillation between |00e〉 and |20g〉,
which requires that the first line of Eq. (A5) becomes an
identity operator in the very subspace. Thus ωeg + ǫ1 =
2ωa + ǫ2. Recalling the assumption that ωeg = 2ωa + δ,
one can then obtain
δ = ǫ2 − ǫ1
= −g2a cos2 θ
(
4
ωa
+
1
ωfg − ωa +
3
ωfg + ωa
)
− g2b cos2 θ
(
1
2ωa + ωb
+
1
ωfg + ωb
+
1
2ωa − ωb
− 1
ωfg + ωb − 2ωa
)
− 4g
2
a sin
2 θ
ωa
− 4g
2
b sin
2 θ
ωb
.
(A6)
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Eventually the effective Hamiltonian (A5) can be written
as
Heff = geff (|00e〉〈20g|+ |20g〉〈00e|), (A7)
which is Eq. (3) in the main text. The foregoing per-
turbative calculation prohibits ωb ≈ kωa and ωfg ≈ kωa
with k integer. Otherwise, the effect from the other de-
generate states can not be omitted. For example, when
ωa ≈ ωb, the states |20g〉 and |02g〉 can not be differenti-
ated by the qutrit.
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FIG. 9. (Color online) (a) and (b) Comparison between the
numerically evaluated normalized energy shifts from the full
Hamiltonian (blue points) and the corresponding analytical
results from the second-order effective Hamiltonian (red solid
line) in Eqs. (A6) and (A12), respectively. Here ωb = 1.7ωa
and θ = pi
6
. For (a) gb = 0.05ωa, ωfg = 2ωb; for (b) ga =
0.05ωa, ωeg = 2ωa.
A similar derivation yields the effective Hamilto-
nian (6) for the two-photon resonance shown in Fig. 1(c),
which lives in the subspace spanned by {|00f〉, |02g〉}.
Again the avoid level-crossing point ωfg is expressed by
ωfg = 2ωb + ∆ with |∆| ≪ ωa, ωb, |ωb − ωa| the unde-
termined energy shift. The effective Hamiltonian can be
written as
H ′eff = (ωfg + ǫ3)|00f〉〈00f |+ (2ωb + ǫ4)|02g〉〈02g|
+ g′eff (|00f〉〈02g|+ |02g〉〈00f |),
(A8)
where the effective coupling strength connecting |00f〉
and |02g〉 is
g′eff = −
√
2g2b
[
2 sin(2θ)
ωb
+
cos2 θ
ωeg − ωb
]
+O(∆), (A9)
the energy shift for the state |00f〉 is
ǫ3 = g
2
a cos
2 θ
(
1
2ωb − ωa − ωeg +
1
2ωb − ωa
)
+ g2b cos
2 θ
(
1
ωb − ωeg +
1
ωb
)
− 4g
2
a sin
2 θ
ωa
− 4g
2
b sin
2 θ
ωb
+O(∆),
(A10)
and the energy shift for the state |02g〉 is
ǫ4 = −g2a cos2 θ
(
1
ωeg + ωa
+
1
2ωb + ωa
)
− g2b cos2 θ
(
3
ωb
+
2
ωeg − ωb +
3
ωeg + ωb
)
− 4g
2
a sin
2 θ
ωa
− 4g
2
b sin
2 θ
ωb
+O(∆).
(A11)
Again, to realize a completed Rabi oscillation between
|00f〉 and |02g〉, ωfg+ǫ3 should be equivalent to 2ωb+ǫ4.
It turns out that
∆ = ǫ4 − ǫ3
= −g2a cos2 θ
(
1
ωeg + ωa
+
1
2ωb + ωa
+
1
2ωb − ωa
+
1
2ωb − ωa − ωeg
)
− g2b cos2 θ
( 4
ωb
+
1
ωeg − ωb
+
3
ωeg + ωb
)
.
(A12)
Then the effective Hamiltonian (A8) is written as
H ′eff = g
′
eff (|00f〉〈02g|+ |02g〉〈00f |) . (A13)
The two energy shifts in Eqs. (A6) and (A12) can be
justified by Fig. 9. The normalized δ (∆) as a function
of ga (gb) is compared with that from the standard diag-
onalization of the full Hamiltonian (1). It is shown that
the analytical results do match with the numerical ones
at least for normalized atom-photon interaction strength
ga, gb/ωa ≤ 0.1.
Appendix B: The effective Hamiltonian for the
three-photon resonances
To construct the effective Hamiltonian (14) from
the full Hamiltonian (13) in the subspace spanned by
{|00e〉, |30g〉} for the three-photon resonance remarked
in Fig. 3(a). The leading-order paths plotted in Fig. 10
are either the paths of the three-order processes connect-
ing |00e〉 and |30g〉 or those of the two-order processes
in charge of the energy shifts for these two bases. Due
to the standard perturbation theory, the effective cou-
pling strength between any eigenstates |i〉 and |j〉 of the
unperturbed Hamiltonian H0 (13) is given by [11, 34]
gs =
∑
n,m 6=i,j
VjnVnmVmi
(ωi − ωn)(ωi − ωm) . (B1)
The avoid level crossing point can be written as ωeg =
3ωa + δs, where δs is a to-be-determined energy shift.
Considering all the three paths (shown in Fig. 10) con-
necting the basis |00e〉 and the basis |30g〉, i.e., |00e〉 →
|10g〉 → |20f〉 → |30g〉, |00e〉 → |10g〉 → |20e〉 → |30g
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FIG. 10. (Color online) All the leading-order paths involving
the bases |00e〉 and |30g〉. Blue solid lines mark the transitions
mediated by the coupling to the resonator a, which are charge
of the connections between |00e〉 and |30g〉. Red dashed lines
mark the transition mediated by the coupling to the resonator
b, which are charge of the energy shift for |00e〉 or |30g〉.
and |00e〉 → |10f〉 → |20e〉 → |30g〉, we can find the
effective coupling strength by using Eq. (B1),
geffs = −
√
6g3a
[
1
2ωa(2ωa + δs)
− 1
2ωa(ωfg − 2ωa − δs)
+
1
(2ωa + δs)(ωfg − ωa − δs)
]
= −
√
6g3a
2ωa
(
1
2ωa
− 1
ωfg − 2ωa +
1
ωfg − ωa
)
+O(δs).
(B2)
Summarizing all the paths from the state |00e〉 and
back to itself through a mediate state, one can obtain its
second-order energy shift ǫs1 according to Eq. (A1)
ǫs1 = g
2
a
(
1
2ωa
+
1
2ωa − ωfg
)
+ g2b
(
1
3ωa − ωb +
1
3ωa − ωb − ωfg
)
+O(δs).
(B3)
In the same way, the energy shift ǫs2 for the basis |30g〉
is found to be
ǫs2 = −g2a
(
5
2ωa
+
3
ωfg − ωa +
4
ωfg + ωa
)
− g2b
(
1
3ωa + ωb
+
1
ωb + ωfg
)
+O(δs).
(B4)
With Eqs. (B2), (B3) and (B4), the effective Hamiltonian
in the subspace spanned by {|00e〉, |30g〉} is
Heffs = (ωeg + ǫs1)|00e〉〈00e|+ (3ωa + ǫs2)|30g〉〈30g|
+ geffs(|00e〉〈30g|+ |30g〉〈00e|).
(B5)
Similar to the double-photon resonance treatment in Ap-
pendix A, the first line of Eq. (B5) should be an effec-
tive identity operator in the very subspace to facilitate
a completed Rabi oscillation driven by the second line.
It is achieved by equating the diagonal elements of (B5),
which gives
δs = ǫs2 − ǫs1
= −g2a
(
3
ωa
+
3
ωfg − ωa +
4
ωfg + ωa
+
1
2ωa − ωfg
)
− g2b
(
1
3ωa + ωb
+
1
ωb + ωfg
+
1
3ωa − ωb
+
1
3ωa − ωb − ωfg
)
.
(B6)
Eventually the effective Hamiltonian (B5) becomes
Heffs = geffs(|00e〉〈30g|+ |30g〉〈00e|) (B7)
which is Eq. (14) in the main text.
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FIG. 11. (Color online) (a) and (b) Comparison between the
numerically calculated normalized energy shifts from the full
Hamiltonian (blue points) and the corresponding analytical
results from the leading-order effective Hamiltonian (red solid
line) in Eqs. (B6) and (B11), respectively. Here ωb = 2.2ωa.
For (a) gb = 0.05ωa , ωfg = 3ωb; for (b) ga = 0.05ωa , ωeg =
3ωa.
In parallel, one can derive the effective Hamilto-
nian (17) in the subspace spanned by {|00f〉, |03g〉} at
the avoided level crossing point ωfg = 3ωb+∆s as shown
in Fig. 3(c). The effective Hamiltonian is found to be
H ′effs = (ωfg + ǫs3)|00f〉〈00f |+ (3ωb + ǫs4)|03g〉〈03g|
+ g′effs(|00f〉〈03g|+ |03g〉〈00f |),
(B8)
where the effective coupling strength is
g′effs = −
√
6g3b
2ωb
(
1
2ωb
− 1
ωeg − 2ωb +
1
ωeg − ωb
)
+O(∆s),
(B9)
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and the energy shifts for |00f〉 and |03g〉 are
ǫs3 = g
2
a
(
1
3ωb − ωa − ωeg +
1
3ωb − ωa
)
+ g2b
(
1
2ωb − ωeg +
1
2ωb
)
+O(∆s),
ǫs4 = −g2a
(
1
3ωb + ωa
+
1
ωa + ωeg
)
− g2b
(
5
2ωb
+
3
ωeg − ωb +
4
ωeg + ωb
)
+O(∆s),
(B10)
respectively.
Again, to realize a completed Rabi oscillation between
|00f〉 and |02g〉, we let ωfg + ǫ3 = 3ωb + ǫ4. It turns out
that
∆s = ǫs4 − ǫs3
= −g2a
(
1
3ωb + ωa
+
1
ωa + ωeg
+
1
3ωb − ωa − ωeg
+
1
3ωb − ωa
)
− g2b
(
1
2ωb − ωeg +
3
ωb
+
3
ωeg − ωb
+
4
ωeg + ωb
)
.
(B11)
Then we get the effective Hamiltonian (17) in the main
text:
H ′effs = g
′
effs(|00f〉〈03g|+ |03g〉〈00f |). (B12)
In Fig. 11, we demonstrate the analytical results in
Eqs. (B6) and (B11). The normalized δs (∆s) as a func-
tion of ga (gb) is compared to that from the standard
diagonalization of the full Hamiltonian in Eq. (13). It
is shown that the analytical results do match with the
numerical ones at least for normalized atom-photon in-
teraction strength ga/ωa ≤ 0.14 and gb/ωa ≤ 0.11. They
are in the strong-coupling regime.
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